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SPLITTING PROPERTIES OF THE REDUCTION OF 
SEMI-ABELIAN VARIETIES 


ALAN HERTGEN 

Abstract. Let K be a complete discrete valuation field. Let Ok be its ring of 
integers. Let k be its residue field which we assume to be algebraically closed 
of characteristic exponent p > 1. Let G/K be a semi-abelian variety. Let 
Q/Ok be its Neron model. The special fiber Gk/k is an extension of the identity 
component Gk/k by the group of components $(G). We say that G/K has split 
reduction if this extension is split. 

Whereas G/K has always split reduction if p = 1 we prove that it is no longer 
the case if p > 1 even if G/K is tamely ramified. If J/K is the Jacobian variety 
of a smooth proper and geometrically connected curve C/K of genus g, we prove 
that for any tamely ramified extension M/K of degree greater than a constant, 
depending on g only, Jm/M has split reduction. This answers some questions 
of Liu and Lorenzini. 


Introduction 

Let A be a complete discrete valuation field. Let ttk be a uniformizing element 
of K. Let vk be the discrete valuation on K normalized such that vk{t^k) = 1- 
Let Ok be the ring of integers. Let k be the residue field which we assume to be 
algebraically closed of characteristic exponent p > 1. Let G/A be a semi-abelian 
variety with Neron (1ft) model Q/Ok (see [BLR90, Chapter 10]). Let Qk = 
be the special fiber of Q/Ok- We have an exact sequence 

(1) 0 —> —)• d’(G) —)■ 0 

where Q^/k is the identity component of Qk/k and ‘h(G) is the group of compo¬ 
nents which is known to be a finitely generated abelian group. Following [LLOl, 
Introduction] we shall say that G/K has split reduction if this exact sequence is 
split. In other words, G/K has split reduction when Qk/k is isomorphic to the 
direct product Q\'Xk ‘h(G) as an algebraic group. When <F(G) is finite, G/K has 
split reduction if and only if for each p G $(G) there exists x G Qk{k) lifting ip 
and with the same order. 

We know that a semi-abelian variety G/K has split reduction when p = 1 (see 
[LLOl, Proposition 1.4]), or when Q\/k is semi-abelian (see [LLOl, Proposition 
1.6]), or when G/K is a tamely ramified abelian variety [i.e. the minimal finite 
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separable extension snch that G/K acqnires semi-abelian rednction is tamely ram¬ 
ified) with toric rank eqnal to 0 (see [LLOl, Corollary 1.9]). This makes natnral 
the qnestion whether split rednction is antomatic for tamely ramified semi-abelian 
varieties (this is [LLOl, Qnestion 1.10]). 

Let ns also recall the notion of totally not split semi-abelian variety from [LLOl, 
§1.2]. We say that an exact seqnence of finitely generated abelian gronps 

is totally not split (for a fixed p) if for each G T of order p there is no a; G iL 
of order p lifting ip. We say that a semi-abelian variety G/K has totally not split 
reduction if the exact seqnence ( 1 ) is totally not split. 

In [LLOl], Lin and Lorenzini stndied in detail the case of elliptic cnrves and norm 
tori together with their dnals. For snch a semi-abelian variety G/K^ they fonnd 
that there exists a constant ci depending only on the dimension oiGjK snch that if 
G/K has totally not split rednction then the Swan condnctor (see [Ser85, §2.1] for 
the definition) of GjK is positive and bonnded by Ci. For some classes of tori they 
fonnd that there exists a constant C 2 depending only on the dimension oiG/K and 
on the absolnte ramification index vk{p) snch that if the Swan condnctor oi G/K 
is greater than C 2 then G/K has split rednction. Finally, they fonnd that there 
exists a constant C 3 depending only on the dimension oiGjK snch that Gm/M has 
split rednction for any tamely ramified extension M/K oi degree greater than C 3 . 
They ask whether similar statements hold in greater generality in [LLOl, Qnestions 
6.9, 6.10 and 6.11] respectively. 

The aim of this paper is to provide answers to these qnestions. We answer 
negatively [LLOl, Qnestion 1.10] in §2.9 by constrncting a family of tamely ramified 
abelian varieties which do not have split rednction. We answer negatively [LLOl, 
Qnestions 6.9] in §5.5 by constrncting a family of simple abelian varieties which 
have totally not split rednction bnt whose Swan condnctors cannot be bonnded 
independently of the field of definition. We answer negatively [LLOl, Qnestions 
6.10] in §5.9 by constrncting an abelian variety whose Swan condnctor is as large 
as possible bnt which does not have split rednction. Finally, we give a positive 
answer to [LLOl, Qnestions 6.11] with Corollary 4.6 which states that Jacobian 
varieties acqnire split rednction after snfficiently large tamely ramified extensions. 
Onr connterexamples are Weil restrictions of elliptic cnrves, so we give general 
considerations abont the splitting properties of Weil restrictions in Section 3. 

Acknowledgments. I wonld like to thank my thesis advisor Qing Lin for his 
gnidance, Dino Lorenzini for helpfnl comments and snggestions and the referee for 
a carefnl reading of the mannscript. 

1. A REVIEW OF Liu and Lorenzini’s results 

1.1. The general case. For an abelian gronp H, we will denote by iLtors the tor¬ 
sion snbgronp of H and by Hp its p-primary part. It is shown in [LLOl, Proposition 
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1.4] that the sequence 

0 —)■ Qk,p —t *h(G)p —0 

is exact and that G/K has (totally not) split reduction if and only if this exact 
sequence is (totally not) split. So, the matter of splitting is only non-trivial for 
p > 1, what we will assume from now on. Another consequence of this fact is 
that if |<h(G)tors| is prime to p then G/K has split reduction (see [LLOl, Corollary 

1.5] ). Let us also mention that ii Q^/k is a, semi-abelian variety then G/K has 
split reduction (see [LLOl, Proposition 1.6]). 

1.2. Tamely ramified semi-abelian varieties. Let G/JL be a semi-abelian vari¬ 
ety. There exists a minimal finite separable extension L/K such that Gl = GxkL 
has semi-abelian reduction (see [HN16, Theorem 2.3.6.5 (2)]). Let Gtor/K and 
Gsh/K be the toric and the abelian parts of G/K. Note that Gtor Xa L is a 
split torus (that is to say isomorphic to some power of Grn,L/L)- The following 
proposition is a combination of [LLOl, Corollaries 1.7 and 1.9]. 

Proposition 1.3. Let G/K he a semi-abelian variety whose abelian part Ga_\,/K 
has toric rank 0. Let L/K he the minimal finite separable extension such that 
Gl/L has semi-abelian reduction. If L/K is tamely ramified then G/K has split 
reduction. 

Proof. We adapt the proof of [HN16, Theorem 7.1.2.8]. By [HN16, Proposition 
4.1.1.3], the sequence 

(2) $(Gtor) 4’(G) —)■ <h(Gab) 0 

is exact. Now, $(Gab) is killed by [L : K]^ by [LLOl, Proposition 1.8]. By [HNIO, 
Corollary 5.4], the kernel of the canonical morphism <h(Gtor) —t $(Gtor Xr L) is 
killed by [L : K]. As the group of components of a split torus is free, <h(Gtor)tors 
is in the kernel of this morphism and hence is killed by [L : K]. Now, the exact 
seqnence (2) implies that <h(G)tors is killed by [L : K]^ and in particular its order 
is prime to p. We have recalled in §1.1 that this implies that G/K has split 
reduction. □ 

Corollary 1.4. Let E/K he an elliptic curve. Let L/K he the minimal finite 
separable extension such that El/L has semi-abelian reduction. If L/K is tamely 
ramified then E/K has split reduction. 

Proof, li E/K has semi-abelian (multiplicative or good) reduction then this is a 
consequence of our last remark in §1.1. Otherwise, the toric rank oi E/K is 0 and 
this follows from Proposition 1.3. □ 

1.5. Two particular cases. Let us insist on two particular cases of Proposition 

1.3. First, an abelian variety A/K which has potentially good reduction over a 
tamely ramified extension L/K has split reduction. Note that one can prove this 
using again [HNIO, Corollary 5.4] and the fact that the group of components of 
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an abelian variety with good reduction is trivial. Second, a torus T/K which 
splits over a tamely ramihed extension L/K has split reduction. Indeed, T^/L is 
isomorphic to a split torus if and only UTl/L has semi-abelian reduction. 

1.6. Non-Archimedean uniformization. Let us recall that an abelian variety 
A/K admits a non-Archimedean uniformization as follows (see [BX96, Theorem 
1.2]). There exist a semi-abelian variety G/K and a lattice K/K in G/K such 
that the sequence of rigid analytic groups 

is exact and such that G/A is an algebraic extension 

of an abelian variety B/K with potentially good reduction by a torus T/K. 

Let us denote by 5{G/K) the Swan conductor of G/K. Recall that 6{G/K) is 
zero if and only ii G/K acquires semi-abelian reduction after a tamely ramihed 
extension L/K. Considering this non-Archimedean uniformization and §1.5 it is 
natural to ask the following question. 

Question 1.7. [LLOl, Question 1.10] 

Let G/K he a semi-abelian variety. Let L/K he the minimal finite separable 
extension such that Gl/L has semi-abelian reduction. If L/K is tamely ramified, 
is it true that G/K has split reduction ? In other words, is it true that the Swan 
conductor 6{G/K) is positive if G/K does not have split reduction ? 

In spite of all this evidence, we will show that the answer to this question is no 
by constructing a family of counterexamples in §2.9. Note that we need to consider 
abelian varieties over K of dimension > 1 (by Corollary 1.4), positive toric rank 
(by Proposition 1.3) and which do not have semi-abelian reduction over K (by 

1.8. The case of elliptic curves. The main results in [LLOl] about elliptic curves 
are gathered in the following theorem. 

Theorem 1.9. [LLOl, Theorem 2.1 and Proposition 3.3] 

Let E/K be an elliptic curve and let 5{E/K) he its Swan conductor. 

(1) If E/K has totally not split reduction, then 

1 < S{E/K) < 3. 

(2) If E/K has not split but not totally not split reduction, then E is of type l^n 
for some integer n and 

1 < 6{E/K) <2n-\-3. 

(3) Let M/K he a tamely ramified extension of degree > 4. Then Em/M has split 
reduction. 
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1.10. The case of quotient tori. Let L/iL be a finite separable extension. Con¬ 
sider the Weil restriction Resi//^: of G^.l/L nnder the extension LjK (see 

§2.1 for the definition and first properties of Weil restriction). Let S/K be the 
quotient torus (ResL/K Gm,L)/Gm,K- Define the norm torus T/K, also denoted by 
Res\/K^m,L in the seqnel, to be the kernel of the norm map 


Res 


Norm 


L/K 


L/K 




By [LLOl, Lemma 4.1], S/K is isomorphic to the dnal torns of T/K. Moreover, 
if L/K is a cyclic extension then S/K is isomorphic to T/K. The main resnlts 
abont tori in [LLOl] are abont this kind of tori and are gathered in the following 
theorem. 


Theorem 1.11. [LLOl, Theorem 4.6 and Corollary 4.11] 

Let S/K he the quotient torus (ResL/K Gm,L)/Gm,K o,nd let 6{S/K) be its Swan 
conductor. 

(1) The torus S/K has totally not split reduction if and only if 

1 < 6{S/K) < dim(R). 

(2) If5{S/K) > (dim(S')-|-l)ordp(dim(S')-|-l)nii:(p), then S/K has split reduction. 

(3) Let M/K he a tamely ramified extension of degree > dim(S')-|-l. Then, Sm/M 
has split reduction. 

1.12. Some further questions. The results recalled in the last two theorems 
lead naturally to the following questions on possible generalizations. 

Question 1.13. [LLOl, Question 6.9] 

Let g be a positive integer and consider all abelian varieties A of dimension g 
over a discrete valuation field K with toric rank equal to 0. Is there a constant 
Cl depending on g but not on the field K such that if A/K has totally not split 
reduction then the Swan conductor 5{A/K) is bounded by ci ? 

This question has a positive answer for elliptic curves (see Theorem 1.9 (1)) or 
for abelian varieties uniformized by quotient tori as above (see [LLOl, Theorem 
6 .6] which relies on Theorem 1.11 (1)). As mentioned in [LLOl, Question 6.9] 
one can construct obvious counterexamples by taking the product of an abelian 
variety with totally not split reduction by an elliptic curve with trivial group of 
components and large Swan conductor. We will construct in §5.5 a family of simple 
abelian varieties which have totally not split reduction and whose Swan conductors 
really depend on the field of definition so that the answer is no even for simple 
abelian varieties. 


Question 1.14. [LLOl, Question 6.10] 

Assume that K is of characteristic 0. Let A/K he an abelian variety of di¬ 
mension g. The Swan conductor of A/K is bounded by a constant depending on 
g and the absolure ramification index vk{p) only by [BK94, Proposition 6.2 and 
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Proposition 6.11]. Is there a bound C 2 depending on g and vk{p) only such that if 
S{A/K) > C 2 then A/K has split reduction ? 

Of course, we want C 2 to be smaller than the absolute bound of [BK94]. Such 
a bound exists for quotient tori (see Theorem 1.11 (2)) but we will show that 
the answer is no in general by giving in §5.9 an example of abelian variety whose 
Swan conductor achieves the bound from [BK94] but which does not have split 
reduction. Let us however mention the following result which implies the existence 
of such a bound for elliptic curves. 

Proposition 1.15. Assume that K is of characteristic 0. Let E/K be an elliptic 
curve. If 5{E/K) achieves the bound from [BK94], then EfK has split reduction. 

Proof. If p 7 ^ 2, 3, then E/K is tamely ramihed and hence has split reduction by 
Corollary 1.4. If p = 3, then the bound of [BK94] is 3nx(3) > 3 (see also [LRS93]). 
Only elliptic curves with reduction type III or III* may not have split reduction 
and in this case we have S{E/K) = 1 or 2 by [LLOl, §2.13 and §2.14], whence the 
result. 

Let p = 2. In this case, the bound of [BK94] is 6ni^(2) > 3 (see also [LRS93]). 
Therefore by Theorem 1.9 (1) an elliptic curve whose conductor achieves the bound 
of [BK94] does not have totally not split reduction. Assume that E/K does not 
have split reduction and that S{E/K) = 6vk{‘2'). By Theorem 1.9 (b) we know 
that E/K has reduction type I^^ for some integer n. Now, we will follow the proof 
of [LLOl, Proposition 2.11 (b)]. Let A be the minimal discriminant of E/K. Then 
[LLOl, Proposition 2.11 (b)] implies that vk{Ai.) < 4n + 9. Assume E/K is given 
by a minimal Weierstrass equation 

+ aixy + a2,x = + a2X^ + a^^x + Og, 

with Oj G Ol for i G {1,2,3,4, 6 }. As in [LLOl], let us set e = nA'(2) and 
V = vk{cli). By Ogg’s formula we have 

VK{ALj = 2 + 5{E / K) + {2n + 5 — 1) 

= 6 e + 2 ? 7 , + 6 . 

Consider hrst the case where e < v. We have ni^(A) > 4e + 2n + 6 . According 
to the table of valuations in [LLOl], 4e + 2 ? 7 , + 6 has to be greater or equal to 4n + 8 
or 3e + 3n + 7. If 4e + 2n + 6 > dn + 8 then 2 e > n + 1 and vk (A) > 5n + 9 which 
is false. If 4e + 2 ? 7 , + 6 > 3e + 3n + 7 then e > n + 1 and Uxi^) > 8 n + 12 which 
is false. 

Consider the case where e > v. If n = 1, then nx(A) = 2 ? 7 , + 8 but this is false 
so that we can assume n > 1. We have n_K'(A) > 4n + 2 n + 4. According to the 
table of valuations in [LLOl], 4n + 2n + 4 has to be greater or equal to 4n + 8 or 
3n + 3 ? 7 . + 6. If 4n + 2 ? 7 , + 4 > 4n + 8 then 2v > n+ 2 and vk{^) > 5n + 12 which 
is false. If 4n + 2n + 4 > 3n + 3n + 6 then v >n + 2 and n_R'(A) > 8 n + 18 which 
is false. Hence, there is a contradiction, i.e. S{E/K) = 6vk{2) implies that E/K 
has split reduction. □ 
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Question 1.16. [LLOl, Question 6.11] 

Let G/K he a semi-abelian variety of dimension g that does not have split re¬ 
duction. 

(1) Is it always possible to find a tamely ramified extension M/K such that Gm/M 
has split reduction ? 

(2) Does there exist a constant cs depending on g only such that if M/K is any 
tamely ramified extension of degree greater than C 3 , then Gm/M has split re¬ 
duction ? 

These questions have positive answers for elliptic curves or quotient tori (Theo¬ 
rem 1.9 (3) and Theorem 1.11 (3)). We will show that the answer to these questions 
is true for Jacobian varieties over K in Corollary 4.6. 

2. Splitting properties of tamely ramified semi-abelian varieties 

2.1. Weil restriction. We recall below standard facts about Weil restrictions and 
we refer the reader to [BLR90, Section 7.6] for details. Let S" —)■ S' be a morphism 
of schemes. Let X' be a scheme over S'. The Weil restriction Res^z/^W' of X' 
under the morphism S' —)■ S', when it exists, is the scheme over S representing the 
functor on schemes over S dehned by 

T xs S',X'). 

When X'/S' is quasi-projective and S" —)■ S' is hnite and locally free then Resg//^ X' 
always exists. The notion of Weil restriction commutes with base change in the 
following sense. If T —)■ S' is a morphism of base change and if we write T' = TxsS' 
then for any scheme X'/ S' there is a canonical isomorphism 

(3) ResT 7 r(W' X 5 / T') ^ (Res^z/sX') X 5 T. 

2.2. Weil restriction and Neron models. Let L/K be a hnite separable ex¬ 
tension of degree d. Let G/L be a semi-abelian variety of dimension g. Then 
Rgsl/a G is a semi-abelian variety over K of dimension d ■ g. Let Ol be the ring of 
integers of L. Let Q/Ol be the Neron model of G/L and let Q'^/Ol be its identity 
component. Then, Reso^/o^ Q is fhe Neron model of ResL/K G over Ok ([BLR90, 
Proposition 7.6.6]). The following proposition is inspired by [NX91, Lemma 3.1]. 

Proposition 2.3. The identity component o/Reso^/o^ Q is Rqso^/Ok 
have the following isomorphism 

$(ResL/i,G) 4<h(G). 

Proof. It follows from [CGPIO, Proposition A.5.9] that the hbers of Reso^/o^ 
are connected. From the immersion 

61 ° -A 

we get a morphism 

H^^Ol/Ok H^^Ol/Ok Q 
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which factorizes through 

Reso^/c)^ — )■ (Reso^/c)^ Q)^. 

Now, since the Weil restriction commutes with open and closed immersions by 
[BLR90, Proposition 7.6.2], we have 

Resoi/o^ -R (Reso^/o^ 

Finally, we have 

<h(ResL/xG) ^ (Reso^/o^ ^)(C>i^)/(ResOi/c)^ 

4 g{OL)/G^{OL) 

4 $(G). 

□ 

2.4. Weil restriction of Tate curves. Let L/K he a finite separable extension 
of degree d > 2. Let ttl be a uniformizing element of L. Let vl be the discrete 
valuation on L normalized such that vl{t^l) = 1- Let g G be such that vi^q) > 0 
and let E/L be the Tate curve associated to q (see [Sil94, Theorem V.3.1]). Set 
n = VL^q)- Let EjOi be the Neron model of EjL and let /Ol be its identity 
component. Let us recall that we have the following isomorphisms (see [Sil94, 
Section V.4]) 

E{L) ^ 

E\Ol) = Ol, 

^E) ^ Z/nZ. 

Let us consider the abelian variety A = YlesLiK E/K obtained by Weil restriction 
under the extension LjK. In particular, dim(74) = d. The Neron model of A over 
Ok is .4, = hieso^/OK ^ §2-2) and its identity component is = Reso^/o^ 

(by Proposition 2.3). The special hber Sk/k is isomorphic to Gm,k/k (see [Sil94, 
Theorem V.5.3]), thus we have by the base change formula (3) 

Al = Res(c)^/^^c'i)/fc Gm,{OLEKOL) 

and then 

Alik) = iOj7TKO,)\ 

As LjK is totally ramified, is generated by til over Ok and til satishes an 
Eisenstein equation 

+ ■■■ + ad = 0 

with Qi G tikOk and VKidd) = 1- As in the proof of [NX91, Proposition 3.2], we 
have a split exact sequence 

(4) 0^1 + tilOl/tikOl ^ {Ol/tikOl)^ ^ k^ ^ 0. 


SPLITTING PROPERTIES OF THE REDUCTION OF SEMI-ABELIAN VARIETIES 


9 


The group is the group of closed points of a one-dimensional torus over k and 
the group 1 -|- is the group of closed point of a unipotent algebraic 

group over k. Indeed, one has the composition serie 

{ 1 } = 1 - 1 - ti'IOl/tikOl ^ 1 + ^ ^ 1 + 

whose succesive quotients are isomorphic to k. We may note that the toric rank 
oi A/K is positive and that it does not have semi-abelian reduction so that we are 
in the required situation to deal with Question 1.7. 

We can describe the reduction map A{K) Ak{k) (which is surjective because 
K is assumed to be complete). Let P G A{K) = E{L) = L^jq^. The image 
of P in $(A) = $(i7) = 'LjnL is given by the class of vl(z) modulo n where 
z e is a. preimage of P. If P G A^{Ok) = S^{Ol) = then its image in 
Alik) ^ is given by reduction modulo ttkOl. In particular, the 

kernel of the reduction map is isomorphic to 1 -|- ttkOl. 

The next lemma is the analogue in our situation of [LLOl, Claim 4.7] which is 
about quotient tori. 


Lemma 2.5. Let m E N be a divisor of n. There exists a point in Akik) of order 
m whose image in *h(^) is also of order m if and only if T^'l/q is a m-th power in 


Proof. The existence of such a point is equivalent to the existence of z E such 
that 

VLiz) = n/m mod n 


and 

Z^Eq^il + TlKOL). 


Suppose that such z exists. Multiplying zhy a suitable power of q we may suppose 
that Viiz) = n/m. Thus, necessarily z^/q G 1 -|- 'KrOl (recall that v^iq) = n). 
Then 

Kh = (irL”/z)”(z”/<;) e 0?(1 + ttkOl). 

Conversely, if vrjj/g = i/™' mod ttrOl for some y G Of, then we can take z = 


Corollary 2.6. Assume that viiq) = p. Then, A = Kosl/r E/K has split reduc¬ 
tion if and only if 

(5) g/< G C^((l + + ttrOl). 


Proof. This follows from the lemma and the exact sequence (4), using that the 
multiplication by p is surjective on k^ = {Or/ttrOr)^. □ 


Remark 2.7. In some sense, both the conditions of having split reduction and not 
having split reduction for A/K as in Corollary 2.6 are open for the topology on L. 
Indeed, if we consider q' close enough to q, i.e. such that q' E g(l -|- ttrOl), then 
q satishes condition (5) if and only if q' satishes condition (5). 
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Proposition 2.8. Let L/K he a Galois extension. Then Al/L has purely multi¬ 
plicative reduction. 

Proof. Recall that E/L has multiplicative reduction. Hence, the action of the 
absolute Galois group = Gal(iF®/L) on the Tate module T^{E), i ^ p, is 
unipotent and non-trivial. Now, we have an isomorphism 

Hi ^ n 

fTGGal(L/A:) 

Let a G Gal(L/JF). The action of T^ on Tiif^E) is conjugated to its action on T^^E) 
and thus is unipotent and non-trivial. This implies that ^EfL has multiplicative 
reduction which proves the proposition. □ 

2.9. Counterexample to Question 1.7. For any tamely ramihed (hence Galois) 
extension L/K, one can choose q E with VL{q) = p such that condition (5) 
is not satished (for instance take q = 7 r^(l -|- ttl))- This way, we get tamely 
ramihed abelian varieties (by Proposition 2.8) which do not have split reduction 
(by Gorollary 2.6) and this gives a negative answer to Question 1.7. 

Remark 2.10. Using Lemma 2.5, one can construct abelian varieties with a specihed 
subgroup of ‘h(A) lifting into Ak{k). More precisely, let us hx two non-negative 
integers m < n. Then, let us take q E such that vii^q) = p"^ so that we have 
<h(H) = Ifp^TL. Now, if one choose q E such that 

q/nf E O^ai + + ttkOl) 

but 

i + tikOl) 

then Lemma 2.5 implies that every element of order p"* lifts into Ak{k) but no 
element of order lifts. To make it possible we need 0^{{l-\-tOLY”"~^^ + xnOL) 
to be a proper subgroup of Of^Yl+tOiY'^ + xnOL)- But for a non-negative integer 
^ we have 

(1 + TIlOl/ + tikOl C 1 + T^tOL + 

so this is the case if L/iF is sufficiently ramihed such that d > p^. 

Remark 2.11. Let H/iF be an abelian variety with non-Archimedean uniformiza- 
tion 

By [LLOl, Proposition 6.1 (a)], if A/K has split reduction then G/K has split 
reduction. We can use our construction to show that the converse is not true. The 
non-Archimedean uniformization of the Tate curve E/L associated to q E is 
given by the exact sequence of rigid analytic groups 

0 — y cY — t t E — y 0. 
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Then, the non-Archimedean uniformization of A = 'ResLjK E/K is given by 
0 —)• Res^/x Resi^/x ^m,L Res^/i^: -£/—)• 0. 

It follows from Proposition 2.3 that 

<h(ReSi/x Gm,L) — $(Gm,L), 

so in particular <l>(Res 2 ,/x Gm,L) is free. This implies that Res 2 ,/xGm,L has split 
reduction but as we saw A/K may not have split reduction. 

Remark 2.12. By [LLOl, Proposition 1.11], if G/K and G'/K are semi-abelian 
varieties and / : G —?■ G' is an isogeny of degree prime to p then GjK has split 
reduction if and only if G '/K has split reduction. We can use our construction to 
give an explicit example of two isogenous abelian varieties, one which have split 
reduction and the other one which does not have split reduction. This shows that 
[LLOl, Proposition 1.11] is not true for isogenies of degree divisible by p. 

Let p > 2. Let K = Q™ be the maximal unramihed extension of the held 
of p-adic numbers and let L = Q™(Cp) where (p is a p-th root of 1. We have 
d = [L : K] = p — 1. Let q = and q' = (pq and let E jL and E'/L be the Tate 
curves associated to q and q'. These two elliptic curves are isogenous to the Tate 
curve over L associated to q^ = q'^ by raising to the power p 

Therefore E/L and E'/L are isogenous. As the Weil restriction of an isogeny is 
an isogeny, liesL/K E/K and Res^/i^ are isogenous. But now 

q/'Kl = l e {1 + tilOlY + t^kOl 

whereas 

o '= Cp ^ (1 + t^lOlY + tirOl 

because viiCp - 1) = vl{p )/(p - 1) = 1 but (1 -F ttlOlY + t^rOl = 1 + 

Hence, by Corollary 2.6, Rqsl/k E/K has split reduction but Resi/R E'/K does 
not have split reduction. 

3. Splitting properties and the Weil restriction 

Our construction in Section 2 leads to the question of the relation between the 
Weil restriction and splitting properties of semi-abelian varieties. A hrst answer 
is given in [LLOl, Remark 3.10]. The authors give an example of an elliptic curve 
which have split reduction but whose Weil restriction does not have split reduction. 
Using Corollary 2.6 we get other examples of this kind since Tate curves have semi- 
abelian reduction and thus have split reduction. In this section we want to study 
the general situation. 
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3.1. Reduction of Weil restrictions. Let iL be a complete discrete valuation 
field with ring of integers Ok and uniformizing element tik- Let G/K be a semi- 
abelian variety with Neron model QIOk- For any positive integer n we denote 
by 

Gn = Q XOk G)kI'^'kOk 

the infinitesimal fiber, by 

: G{K) -A GniOK/nlOK) 

the reduction map and by G"'{K) the kernel of this reduction map. 

Proposition 3.2. Let L/K he a finite separable extension and let G/L he a semi- 
abelian variety. We have the following implications : 

(1) if ResL/K G/K has split reduction then G/L has split reduction; 

(2) if G/L has totally not split reduction then Rgsl/kG/K has totally not split 
reduction. 

Proof. Let us compute (ResL/K Gfi^K). Using the base change formula (3) we 
find that this is the kernel of the reduction map 

{ResL/K G){K) {Res;oL/7TKOL)/k{G XOl G)L/'n'KOL)){k), 

i.e. of the reduction map 

r, : G{L) ^ GfiOL/AOr) 

where d = [L ■. K]. Hence, we have (Resi/K Gy{K) = G'^{L) C G^{L). 

Let us show assertion (1). Let us suppose that Resi//^ G/K has split reduction. 
Let if e *h(G) = <h(ResL/i 4 : G) (by Proposition 2.3) be an element of finite order 
n. Then f lifts to an element x G (Res^/i^ G)(JL) = G{L) such that n • x G 
{ResL/K Gy{K) C G^{L). Thus, G/L has split reduction. 

Assertion (2) follows from a similar argument. □ 

In the remaining part of this section we will give a recipe to build counterexam¬ 
ples to the reciprocal of assertions (1) and (2) based on the case by case study in 
[LLOl, Section 2]. 

3.3. Reduction of elliptic curves. Let L be a complete discrete valuation field 
with valuation vl, ring of integers Ol and uniformizing element til- Let E/L be 
an elliptic curve. Let 8/Ol be its Neron model. Assume that E/L is, given by a 
minimal Weierstrass equation 

y"^ -|- aixy -|- a^x = -f 02^^ -|- a^x Og, 

with tti G Ol for i G {1, 2, 3,4, 6}. When G ttlOl for all i G {1, 2, 3,4, 6} then 
the reduced equation has a singular point at (0,0). Let E^{L) denote the set of 
rational points in E{L) whose reduction modulo ttl is not (0,0). Equivalently 
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E^{L) = under the isomorphism E{L) = £{Ol) (see [Sil94, Corollary 

IV.9. 2 ]) and thus we have 

$(E) ^ E{L)/E^{L). 

For any positive integer n the subgroup E^{L) C E^{L) dehned in §3.1 is given by 
E^{L) = {Pe E{L) I x{P)/y{P) G . 

We will denote by ^ = —x/y the parameter at cx). 

3.4. A key point. Let us recall an important fact from [LLOl, Section 2]. As¬ 
sume that E/L has additive reduction. Let P,Q E E{L) be two points whose 
reductions in Sk{k) are lying in the same non-trivial component. Then, the orders 
of those reductions in £k{k) are equal. This is only due to the fact that the identity 
component of the special hber is killed by p and so it applies more generally in 
this context. In particular, given a held K as in the introduction such that L is a 
hnite extension of K, it applies to ResL/K E/K. Indeed, 

(ResOi/O/f £)k — Res(c»i/7rKOL)/fc ^aXOLpKOL) 
by Proposition 2.3 and the base change formula (3) and thus 

(Reso^/o^ = OlIttrOl 

which is killed by p. Note that (Reso^/o^ is a unipotent algebraic group over 

k. 


3.5. First example. Let us follow [LLOl, §2.13]. Let p = 3. Let EjL be of type 
IV. Then, we have ^{E) = Z/3Z. It is shown that we may assume Oi = 03 = 0 
and that we have the following inequalities for the valuations of the coefficients 


02 

04 

06 

b2 

64 

K 

bs 

> 1 

> 2 

2 

> 1 

> 2 

2 

> 3 


with the relations 62 = 4 : 02 , = 204 , and bg = 40206 — O 4 . As we 

mentioned in §3.4, to study the splitting properties of EjL or ReSi/xF'/A it is 
enough to consider one point with non-trivial image in $(i?) = $(ReSi/xF')- Let 
P = (0,|/(P)) with y{Py = 06 which is clearly not in E^{L). Assume that P is 
not of 3-torsion. We use the formuli in [Sil 86 , III.2.3] to compute vl{z{3P)). 

We have 


x{2P) 

2/(2P) 

x{3P) 

l/(3P) 


b_s 

a^x[2P) 06 


2y{P) y{Py 

--I--. 

h(2P)-y[P) \ 


xCiP) - v(P)- 
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Thus, 


x{3P) 


1 / a4x{2P) + 406 

x{2py MP) 


and by considering the valuations we get 


2 


- 02 - x{2P) 


Then, we have 


VLix{3P)) = 6 - 2vLibs) < 0. 




and by considering the valuations we have 

VLiyi3P)) = 3- Viibs) + VLix{3P)). 


Hence, we hnd that 

vl{z{3P)) = VL^bs) - 3 > 0. 

By dehnition E/L does not have split reduction if and only if 3P ^ E^{L). We 
recover here that this is equivalent to viiby = 3. Set m = viibs) — 3. If m > 0 
then E/L has split reduction but for a subextension L/K oi degree d > m, if it 
exists, 3P ^ E'^{L) = (Res^/x-E')^(T), i.e. Res^/x E does not have split reduction. 
Whence, the reciprocal to Proposition 3.2 (1) is false. 


3.6. Second example. Let us follow [LLOl, §2.6]. Let p = 2. Let E/Lhe oi type 
Iq. We have ^{E) = Z/2Z x Z/2Z. It is shown that we can hnd three points 

Pi = (vrLai,0) e E{L), 

with Q!j G Ol for i G {1, 2, 3} whose reductions modulo ttl are distinct, such that 
their images in $(£') are the three disctinct non-trivial points. More precisely, we 
have 

x^ + a2x‘^ + a^x + uq = {x — 7 rLai){x — 7 iL<y 2 ){x — 71 ^ 03 ). 

We have the following inequalities for the valuations of the coefficients 


Cll 

0,2 

O 3 

04 

Oq 

^2 

&4 

be 

bs 

> 1 

> 1 

> 2 

> 2 

> 3 

> 2 

> 3 

> 4 

> 4 


We will compute VL{z{2Pi)) for i G {1, 2, 3} and P/s that are not of 2-torsion. 

Let us write Xi = iiiO-i for i G {1,2,3}. Without loss of generality we may do 
the computation taking i = 1. Recall that we have 

_ x‘^ - - 2 bQX - &8 

^ Ax^ + b2x‘^ + 264 X -I- be ' 

Moreover — b^x"^ — 2beX — feg is congruent to (x^ — modulo and 04 = 
7 r^(Q!ia 2 + aiCTs -|- 0203 ). Now x^ — 04 = 7 r^(Q!i -|- a 2 )(Q!i -|- Q! 3 ) and thus the 
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valuation of the numerator of x{2Pi) is 4. As in [LLOl, §2.6], the valuation of the 
denominator of x{2Pi) is 2 vL{aiXi + 03 ) and so we have 

vl{x{2Pi)) =4- 2vL(aiXi + 03 ) < 0. 


Then, we have 
where 


and 


Now, we get 


y(2Fi) = -(A + ai)x(2Pi) - u - as 
3x^ -|- 2(Z2^i F a^ 

A = - 

aiXi as 
— X ? + 04X1 + 206 

z/ =-. 

OlXi + 03 


- (aiXi + a 3 )y( 2 Pi) = ( 3 xf + 202X4 + 04 + oi(oiXi + 03))x(2Pi) 

- X3 + O4X1 + 2 o 6 + 03(04X1 + O3). 

Using that 3x^ + 04 have valuation 4 we hnd that 

VL(y(2P)) = 2 + vl(x(2P)) - ul(oix + 03 ). 

Hence, for i e {1, 2, 3} we have 

VL(z(2Pi)) = VL(aiXi + 03 ) - 2 > 0. 

Let ruj = vilaiXi + as) — 2 for i G {1, 2, 3}. Assume that E does not have totally 
not split reduction so that ruj > 0 for some i. Then, for a subextension L/K oi 
degree sufficiently large, ResL/ kE has totally not split reduction. Whence, the 
reciprocal to Proposition 3.2 (2) is false. 


4. Split reduction of Jacobian varieties after tamely ramified 

EXTENSIONS 

Let K be a complete discrete valuation field with ring of integers Ok and residue 
field k of characterisitc exponent p. Let be a fixed separable closure of K. Let 
G/A' be a semi-abelian variety of dimension g. Let Q / Ok be its Neron model with 
special fiber Qk/k. 

4.1. Edixhoven’s filtration. In the case where G/K is abelian, Edixhoven de¬ 
fined a filtration on Qk/k by closed subgroups (see [Edi92]). It was extended to 
semi-abelian varieties by Halle and Nicaise in [HNllj. Let us recall the construc¬ 
tion of this filtration, following [HN16, §5.1.3]. For every positive integer d prime 
to p, let K{d)/K be the unique degree d extension of K in and let OK(d) be 
the ring of integers of K{d). Since K[d)/K is tamely ramified, it is Galois. Let us 
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denote by T the Galois group Ga\{K{d)/K) and by Q{d)/OK(d) the Neron model 
of Gx{d) ~ G Xx K{d). Let 


W = Reso^^,^/o^g{d) 

be the Weil restriction of Q{d) /OK{d) under the extension OK{d)IG)K- Then, T 
acts on WjOK and the hxed locus /Ok is canonically isomorphic to Q/Ok 
(see [Edi92, Theorem 4.2] or [HNll, Proposition 4.1]). Let iiK^d) be a uniformizing 
element of K{d). For every i e {0,...,d}, the reduction modulo dehnes a 

morphism of group schemes 

(>v’")fc = (>Vfc)^ ^Ox(d) ^K{d)/T^K{d)^K(d)) 

whose kernel is denoted by We get a hltration 

Gk = F^Gk D FlGk D ■ ■ ■ D F;/Gk = 0 

on Gk/k by closed subgroups, and F^Gk/k is a smooth and connected unipotent 
algebraic group for alH > 0. Let us denote by 

GriSt = F'A/fi+'gt 

the graded quotients of this hltration. We say that j G {0,..., d — 1} is a K{d)- 
jump of G/K if dim(Gr;^^fc) > 0 and we call this dimension the multiplicity of 
]■ 

Edixhoven also introduced a hltration on Gk/k by rational indices that captures 
the hltrations introduced above simultaneously for all d. For every rational number 
a = a/h in Z(p) fl [0,1[, with a, h nonnegative integers and b prime to p, we put 

F^Gk = FfGk. 

By [HNll, Lemma 4.11], this dehnition does not depend on the choice of a and 
b and we get a hltration F*Gk of Gk/k by closed subgroups. Note that there are 
only hnitely many closed subgroups occuring in the hltration F*Gk because Gk/k 
is Noetherian. Let p be an element of M fl [0,1[. Set F^^Gk = F^Gk, where fd is 
any value in Z(p) n]p, 1[ such that F^'Gk = F^Gk for all fd' G Z(p) n]p, jd]. If p 7 ^ 0, 
set F'^^Gk = F^Gki where 7 is any value in Z(p) fl [0,p[ such that F'^'Gk = F'^Gk 
for all 7 ' G Z(p) fl [ 7 ,p[. Set F'^^Gk = Gk- Then, let us dehne 

GFGk=F^PGk/F>'^Gk 

for every p G Mn[0,1[. We say that j G Rn[0,1[ is a, jump of G/K if dim(Gr-^ Gk) > 
0 and we call this dimension the multiplicity of j. Gounted with multiplicities, G/K 
has exactly g jumps. 
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4.2. The case of Jacobian varieties. Let C/K be a smooth, proper and ge¬ 
ometrically connected curve of genus g > Assume that C/K has a divisor of 
degree one. Dehne the stabilization index oi C/K (see [HN16, Dehnition 3.2.2.3]) 
as the least common multiple of the multiplicities of the principal components (i.e. 
components of positive genus or intersecting the other components at at least three 
points) in the special hber of the minimal model with strict normal crossings of C 
over Ok- Let us denote the stabilization index of C/iL by e{C/K). Let L be the 
minimal hnite separable extension of K in such that C Xk L has semistable 
reduction. If this extension is tamely ramihed then e{C/K) = [L : K] (see [HN16, 
Proposition 3.2.2.4]) but this is false in general. 

Proposition 4.3. Let J = Jac(C')/iL he the Jacobian variety of C/K and let 
J/Ok be its Neron model. Let U/k be the unipotent part of J^/k. Let d be a 
positive integer prime top. If d > e{C/K) then Lf/k is the kernel of the canonical 
morphism 

Jk ^ J{d)k- 

Proof. Let u be the dimension of U. By [EHN, Proposition 5.4.3], u is equal to the 
number of nonzero jumps oi J/K counted with multiplicities. Hence IF^^fJk is a 
connected unipotent subgroup of Jk of dimension u. This implies that = U. 

By [HN16, Corollary 5.3.1.5], the jumps of J/K are rational numbers and the 
stabilization index e{C/K) is their least common denominator. This implies that 
the smallest nonzero jump of J/JL is > l/e{C/K). Then, 1/d < l/e{C/K) implies 
that J^^^Jk = J^^^^Jk- Thus, we get 

C = T'^^Jk = T^'^Jk = FfJk. 

Now, the fact that Lf/kis the kernel of the canonical morphism 

Ak —!• A{d)k 

follows from the dehnition of the hltration F*J'k (see [Edi92, Remark 6.4.6]). □ 

Theorem 4.4. Let J = Ja,c{C)/K be the Jacobian variety of C/K. Let d be a 
positive integer prime to p. If d > e{C/K), then JK{d)/K{d) has split reduction. 

Proof. First, let a = gcd(e(C/iP), d). Then K{d)/K{a) is a tamely ramihed ex¬ 
tension of degree d/a. Let C{a) = C Xk K{a). By [HN16, Corollary 3.2.2.10], the 
stabilization index of C{a)/K{a) is given by 

e{C{a),K{a)) = e{C/K)/a. 

Hence, we have d/a > e{C{a), IL{a)). Let J/Ok be Neron model of J/K. The 
previous proposition applied to C{a)/K(a) implies that the unipotent part U/k oi 
fT{a)/./k is the kernel of the canonical morphism 

fT {a)k —)• JL (d)fc. 

Now, by [HN16, Proposition 1.3.3.1], we have |<h(Ji^(d))| = (d/a)*^(“)|<h(Jft'(a))|, 
where tK(a) is the dimension of the toric part of fJ{a)/,. As d/a is prime to p, the 
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orders of ^{JK{a))p and ^{JK(d})p are the same. Moreover, by [ELL96, Theorem 
1 ], the kernel of the canonical morphism 

is killed hj d/a which is prime to p. Hence, this morphism is an isomorphism on 
the p-primary parts of these groups. 

Finally, we can proceed as in the proof of [LLOl, Proposition 3.3]. Let ip' G 
^{JK(d)) be an element of order where r > 0. Let ip G ^{JK(a)) be the corre¬ 
sponding element under the above morphism and let a: G JL {a)k be in the preimage 
of p. Let x' be the image of x in J{d)k- As in the proof of [LLOl, Propositin 1.4 
(b)], we may assume that p^ ■ x ^ U. Thus, we have p"^ ■ x' = 0. Since x’ is in the 
preimage of <p', this proves that JK{d)/ K{d) has split reduction. □ 

Remark 4.5. In Proposition 4.3 and Theorem 4.4 we need assume that the abelian 
variety is the Jacobian variety of a curve of index one to be able to use [EHN, 
Proposition 5.4.3], [HN16, Corollary 5.3.1.5] and [HN16, Proposition 1.3.3.1]. If 
one can prove these results without this hypothesis then Theorem 4.4 would be 
true for arbitrary semi-abelian varieties over K provided that we have a suitable 
dehnition of the stabilization index e{G/K) of arbitrary semi-abelian varieties 
G/K. This problem is discussed in [HN16, Part 4, §1]. 

Corollary 4.6. Let J = Jac(C)/iP he the Jacobian variety of G/K. There exists a 
constant c depending on g only such that if M/K is any tamely ramified extension 
of degree > c, then Jm/M has split reduction. 

Proof. All we need to prove is that if 5 ^ > 0 is hxed, then the stabilization index 
of a curve G/K of genus g is bounded by a constant c. This follows from [AW71, 
Corollary 1.7] for g > 2 and from Kodaira-Neron classihcation for elliptic curves. 

□ 

Remark 4.7. In the case of elliptic curves, one checks that the stabilization index 
is at most 6 . Hence, we almost recover Theorem 1.9 (3) which states that M/K 
of degree > 4 is enough to acquire split reduction. 

Finally, let us remark that in the case of elliptic curves we have the following 
alternative result to Theorem 4.4. 

Proposition 4.8. Let E/K he an elliptic curve. Let L/K he the minimal finite 
separable extension such that E^/L has semi-ahelian reduction. Let d be a positive 
integer prime to p. If d> [L ■. K], then EK{d)/K{d) has split reduction. 

Proof. By Theorem 1.9 (c), if d > 4 then EK(d)/ K{d) has split reduction. Hence, 
the only case to tackle is then [L ■. K] = 2 and d = 3. In this case, the reduction 
type cannot be IV or IV* because for these types the groups of components are 
of order 3 and should be killed by [L : K] by [ELL96, Theorem 1]. li E/K has 
reduction type I* then e{E/K) = 2 and the result follows from Theorem 4.4. 
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Thus, we may assume that the reduction type oi E/K is either II, III, III* or 
II*. Recall that we have the following formula for Swan conductors 

6 {EKid)/K{d)) = d-6{E/K). 

By [LLOl, Lemma 3.4], the reduction type of EK{d)lK{d) will be either II, III, 
III*, II* or 13 . By Theorem 1.9 (a), in order that EK(d)/K{d) does not have split 
reduction we must have 6 {E/K) = 1. Let A be the minimal discriminant oi E/K. 
Then, Ogg’s formula implies that u_fs:(A) G {3,4,10,11}. But this is not possible 
if [L : K] = 2. Hence, EK{d)lK{.d) has split reduction. □ 

5. Splitting properties and the Swan conductor 

5.1. Swan conductor of Weil restrictions. Let L/iL be a hnite separable ex¬ 
tension. Let E/L be an elliptic curve and let A = YiesLiK E/K be its Weil re¬ 
striction under the extension L/K. By [Mil72, §1, Lemma], the Swan conductor 
of A/K is given by the following formula 

(6) 5{A/K) = 6{E/L) + 2K(Pz./a) - {p - 1)), 

where "Pl/x is the different ideal of the extension L/K. Before tackling Question 
1.13 let us start with some preliminary results. 

5.2. Some preliminaries. Let L be a complete discrete valuation held with al¬ 
gebraically closed residue held. Let i7/L be an elliptic curve which acquires multi¬ 
plicative reduction over a quadratic separable extension M/L. Then, there exists 
q E such that E/L is isomorphic over M to the Tate curve dehned by q (see 
[Sil94, Theorem V.5.3]). Hence, the non-Archimedean uniformization of E/L is 
given by the following exact sequence 

0 —)• A —)• ^m,M —)■ T/ —!■ 0, 

where Res}^/j;^ is the norm torus dehned in §1.10 and A/L is the lattice 

ResM/L q^ n Reslj/L ^m,M 1 
where q^/M is the constant lattice in Gm,M/M. 

Lemma 5.3. Keep the previous notation. Assume that viiq) is odd. Then, the 
following assertions are equivalent : 

(1) E/L has totally not split reduction; 

(2) E/L does not have split reduction; 

(3) Resj^^]^ Gm, m/L has totally not split reduction; 

(4) Res\^/j;^Gm,M/L does not have split reduction. 

Proof. As VL{q) is odd, the group of components ^{E) is cyclic (see [LorlO, The¬ 
orem 2.8]). Thus, (1) (2) follows from [LLOl, Proposition 1.4(e)]. Then, (3) 

(4) is trivial since $(Res}^/j;^ G^.m) — Z/2Z by [LLOl, Proposition 4.17 (2)]. Now, 
the lemma follows from by [LLOl, Proposition 6.1 (a) and (b)]. □ 
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Proposition 5.4. Let L/K he a quadratic separable extension and let a be the 
non-trivial element ofGa\.{L/K). Let E/L be an elliptic curve which acquires 
multiplicative reduction over a quadratic separable extension M/L. Let q E L^ be 
such that Em/M is isomorphic to the Tate curve defined by q. If q/cr^q) is not a 
root of 1 then the abelian variety A = HesL/K E/K is simple. 

Proof. We have dim(74) = 2 (see §2.2). Let i?/iL be an abelian variety of dimension 
1 and assnme that there is a non-trivial iL-morphism 

B ^ A. 

Then, by property of the Weil restriction we get an L-isogeny 

B y. X L —^ E. 

From this, we get another L-isogeny 

B Xk L -e "^E. 

Hence, E and '^E should be L-isogenous. Now, the elliptic curve '^E/L is isomor¬ 
phic over M to the Tate curve dehned by a{q) E L^. If q/a{q) is not a root of 1, 
then q and (T{q) are not commensurable, i.e. there are no non-zero integers m, n 
such that g"" = a{q)"^. By [Tat97, §Isogenies, Theorem], this implies that E and 
^E are not isogenous over M hence neither over L. Whence, A/K is simple. □ 

5.5. Counterexample to Question 1.13. Assume that K is of residue charac¬ 
teristic 2. Let L/K he a. quadratic separable extension. It follows from [LLOl, 
Lemmata 4.1(b) and 4.5] and Theorem 1.11 (1) that one can choose a quadratic 
separable extension M/L such that Res]^^/^Gm,M does not have split reduction. 
Let a be the non-trivial element of Gal(L/iF). Let us choose q E L^ with viiq) 
odd and such that q/cr^q) is not a root of 1. Consider the elliptic curve E/L given 
by the uniformization in §5.2. It follows from Lemma 5.3 that E/L has totally 
not split reduction. Then, by Proposition 3.2, A = Hes^iiK E/K has totally not 
split reduction. Finally, it follows from Proposition 5.4 that A/K is simple. We 
already mentionned in §3.4 that 

Al = Res(o^/^^o^)/fc Ga^i^oLhKOL) 

is an unipotent algebraic group over k and thus the toric rank of A/K is 0. Now 
we have 

1 < 5{E/L) < 3 

by Theorem 1.9 (1) and thus it is clear from Formula (6) that 6 {A/K) really 
depends on the held K. Whence, the answer to Question 1.13 is negative even for 
simple abelian varieties over K. 

To conclude, let us give a concrete example. Let be the maximal unramihed 
extension of the held of 2-adic numbers. Let d > 2 be an integer. Let K = 
with ttr = 2 and let L = K{t[i/) with = ttk- The diherent ideal oi L/K is 
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271^0]^ (use [Ser 68 , Corollaire III. 6 .2]). Let q = 7 r 2 (l + til) with n odd. Let a be 
the non-trivial element of Gal(L/iL). We have 

= -(1 +7rL)/(l - ttl), 

and this is not a root of 1 because it is not in Q 2 '’ (apply a). Now, let M/L be the 
extension dehned by the Eisenstein polynomial + vr^. The different ideal 

of the extension M/L is Vm/l = t^lOm (use [Ser 68 , Corollaire III. 6 .2]). Then, by 
[LLOl, Lemmata A.l (b) and 4.5] we have 

^(Res]^^/J;^ Gm,M/T) = vm{T^m/l) “ (2 — 1) 

= 1 . 

It follows from Theorem 1.11 (1) that Res]^^/^ has totally not split reduction. 
Now, by [LLOl, Proposition 6.4 (b)], we have 

5{E/L) = 25{Iles]^^£^Gm,M / L) 

= 2 . 

Finally, by formula ( 6 ), we have 

b{AlK) = 5(E/L) + 2(ui(27ri) - (2 - 1)) 

= 2 + 4d. 

Remark 5.6. As suggested in [LLOl], one may ask the same question for the more 
restricted class of abelian varieties such that the representation of the absolute 
Galois group Gal(A'^/iL) on the Tate module £ 7 ^ p, is irreducible. We do 

not know any counterexample of this kind. 

5.7. Brumer and Kramer’s bound. Before tackling Question 1.14, let us re¬ 
call the bound for the Swan conductor given in [BK94]. For any abelian variety 
A/K and any extension M/iL, let us denote by um and Im the dimensions of the 
abelian and toric parts of the reduction of Am/M respectively. Let us consider 
the following function on integers 

S 

i=0 

where 

S 

i=0 

is the p-adic expansion of n, with 0 < r* < p. 

Proposition 5.8. [BK94, Proposition 3.11] 

Assume that K is of characteristic 0. Let A/K he an abelian variety which 
acquires semi-abelian reduction over L. Let Ki be the subfield of L fixed by the 
first ramification subgroup ofGa\{L/K). We have 

5{A/K) < 2{dt + da)pvK{p) + (p - l){2Xp{dt) + Xp{2da))vK{p), 
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where dt and da are defined by = {p — ^)dt and — qki = {p — ^)da 

respectively. 

5.9. Counterexample to Question 1.14. Assume that K is of characteristic 0 
and that it contains the p-th roots of 1. Let L/K be the Kummer extension given 
by the polynomial — ttk- Let E/L he a,n elliptic curve and let A = HesL/x E/K 
be its Weil restriction under the extension LjK. Using [Ser68, Corollaire III.6.2] 
we can compute Vljk = p'n'i~^OL and then formula (6) gives 

6{A/K) = 6 {E/L) + 2vl{p) 

= d{E/L) + 2pvK{p). 

Assume that E/L is a Tate curve. Then E/L has semi-abelian reduction and 
thus 6{E/L) = 0 so that 6{A/K) = 2pvk{p)- Now let us compute the bound 
for the Swan conductor from Proposition 5.8. Here, the Galois group Gal(L/iL) 
coincides with the hrst ramihcation subgroup, hence the subheld of L hxed by the 
latter is simply K. By Proposition 2.8, Al/L has purely multiplicative reduction. 
Thus, we have uk = aL = 0 hence da = 0 and tx = ^ (see the exact sequence (4)) 
whereas ti = p hence dt = 1. We also have Ap(0) = Ap(l) = 0 and therefore we 
get 

6{A/K) < 2pvk{p). 

This bound is exactly the one we achieved. Now we saw in Proposition 2.6 that we 
may choose our elliptic curve EjL such that A/K does not have split reduction 
and therefore the answer to Question 1.14 is no in general. 

Remark 5.10. Our example has positive toric rank {tx = !)• We do not know any 
example of abelian variety with toric rank 0 which does not have split reduction 
and whose conductor achieves the bound from [BK94]. 

Remark 5.11. Assume that K is of characteristic p > 0. Let L/K be the extension 
given by the Eisenstein polynomial + Qp where ap_i G ttxOx is different 

from 0 and vx{ap) = 1. This polynomial is separable and the different ideal of the 
extension LjK is T’l/k = ap^iOi (use [Ser68, Gorollaire III.6.2]). Now, let E/L 
be an elliptic curve with totally not split reduction. Let A = Resi/x E be its Weil 
restriction under the extension L/K. Then, A/K has totally not split reduction 
by Proposition 3.2. Moreover, by formula (6) we have 

8{A/K) = 8{E/L) + 2pvx{ap-i) - (p - 1). 

Hence, considering an unbounded family of Op’s we get a family of abelian varieties 
which have totally not split reduction but unbounded Swan conductors. 
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